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I. Introduction
• Quarks of different color and flavors:

up        down  strange  charm  bottom   top
u           d           s           c           b          t
u           d           s           c           b          t
u           d           s           c           b          t

Mass           1.5-4MeV 4-8MeV 100-200MeV  1.3GeV    5GeV  170GeV
Charge 2/3         -1/3          -1/3 2/3         -1/3        2/3
Baryon no.       1/3          1/3 1/3 1/3 1/3 1/3

• Quark contents of hadrons:
p = (uud)         n = (udd),      etc.

The relevant quark flavors for color superconductivity are u, d & s.



• Dynamics of quarks ---- QCD (quantum 
chromodynamics)
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are 3x3 Gell-Mann matrices given by

Yang-Mills theory of SU(3) color gauge group:

stands for gluon field

` denotes the quark 4-spinor. It carries three color indexes and

flavor indexes. For CSC 3~2=fN
fN

m is the mass matrix in the flavor space
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• Properties of QCD
Asymptotic freedom ( anti-screening ):

QCD running coupling
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• Quark confinement --------Elementary excitations of QCD at low temperature
and chemical potential are hadrons (nucleons and mesons).

• Quark deconfinement ------Elementary excitations at high temperature or 
high chemical potential are quarks and gluons.

nucleons loses identities under squeezing

MIT bag model predicts 
the crossover baryon 
density from nuclear 
matter to quark matter 

)0(10~ BB nn



QCD phase diagram

RHIC: relativistic heavy ion collision
2SC & CFL ---------- two color superconducting phases

Quark-gluon 
plasma

Nuclear matter

T

2SC CFL

RHIC

Nuetron star 

µ



Experimental tools:

• RHIC:  high temperature, low chemical potential;
• Neutron star observation: low temperature high    

chemical potential.

Theoretical tools:

• Perturbation theory: high temperature or 
high chemical potential; 
• Lattice simulation: intermediate temperature 
and low chemical potential; 
• NJL effective action: low temperature and     

intermediate chemical potential;
• AdS/CFT correspondence: decomfined
phase.     



II. Color superconductivity at an 
ultra-high baryon density
• Zero-th order

Chemical potential                such that 
A fermi sea of u, d, s quarks of equal Fermi momenta

The whole system is electrically neutral and is ulta-relativistic.

µµξ −≅−+= pmpp
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n =

Kinetic energy relative to the Fermi energy (=chemical potential)

Quark number density for each color and flavor:

Baryon number density = (1/3) X quark number density

Λ>>µ 1<<Sα



• Pairing via one-gluon-exchange

quarkquark

gluon

′′
∝ 22112 cc

l
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lg λλ

Favorite pairing channel: different colors, different flavors, s-wave
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Barrois; Frautschi; Bailin & Love



• Temperature of Pairing Instability
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• Transition Temperature

---- Non BCS scaling:    1~ln  of instead   1~ln 2g
T

g
T pp

---- Gauge filed fluctuation renders the phase transition first order, the
Mechanism of Halperin, Lubinsky and Ma.

---- Strong type I.

Son; Schaefer & Wilczek; Hong, Miransky &Shovkovy; 
Brown, Liu & Ren; Wang & Rischke; Manuel
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• Energy gap at zero temperature
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---- Solution to the Eliashberg equation:

0)()( 222 =∆−−− ωµω p

Schaefer & Wilczek; Pisarski & Rischke; Reuter; Feng, Hou, Li & Ren

---- quasi particle pole:



• Calculation details
Schwinger-Dyson equation:

= +

= proper vertex of diquark scattering =

= 2PI vertex of diquark scattering =

= dressed quark propagator = S(Q)
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• Calculation details
Schwinger-Dyson equation:
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• Calculation details
Schwinger-Dyson equation:

= +

=

Perturbative expansion:

= +

•••+  

•••+  

= hard dense loop (HDL) resummed gluon propagator



HDL gluon propagator:
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Forward singularity, non BCS scaling
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Non Fermi liquid behavior

Quark self energy
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---- Generalization of the QED results of Holstein, Norton, Picus and Reizer
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• Color-flavor locking (CFL) below the                
transition temperature
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---- Energetically favored condensate 

----Symmetry breaking

2)3()1()3()3()3( ZSUUSUSUSU
LRLR ffcBffc ⊗→⊗⊗⊗ ++

----Analogous to the AB phase of the superfluid of He3

where orbital angular momentum is locked with spin, the 
symmetry breaking is

rotation) ous(simultane  rotation)(spin   rotation) (orbital →⊗

Alford, Rajagopal & Wilczek



III. Color superconductivity at a 
realistic baryon density

• The density accessible inside the core of a 
neutron star

------ One-gluon-exchange gives transition temperature around 3.7MeV
(=43,000,000,000K) at 500MeV, but the perturbative result may not be 
reliable;

------ Nonperturbative effects may end up with higher transition temperature;
------ The mass of strange quark cannot be neglected;
------ Crossover from 3 flavor (u, d, s) color superconductivity to 2 flavor (u, d)

color superconductor
------ Fermi momentum mismatch between different flavors suggest a number   

of exotic superconductivity, e.g. Sarma state, LOFF, phase separation.

00.1~76.0 and MeV500~400 S ≅= αµ



• Fermi momentum mismatch
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The solution at 

The solution at 

smk >>0
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• Fermi momentum mismatch

2 flavor color superconductivity (2SC)
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• Two flavor NJL(Nambu-Jona-Lasinio) effective 
Lagrange  Rapp, Schaefer, Shuryak &Velkovsky
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2ψγψ =C ( ) cababc εε =

2τ

, the three 3x3 matrices

act on color indexes (red, green and blue) and the second Pauli matrix 

acts on flavor indexes (u, d).

---- Effective four fermion point interaction inspired by QCD instantons;
---- The last term ( diquark coupling ) gives rise to CSC;
---- Pairing channel is color antisymmetric, like the one-gluon exchange;
---- s-wave pairing between different colors and different flavors, e.g. 

(u, d) and (u, d);
---- Mean field theory solution;
---- Share some features of a cold atom system.

(estimated by fitting the hadron masses at zero chemical potential.)

MeV. 653 cutoff  UVand GeV 4 ,GeV 32.5 f
-2-2 ≅Λ≅≅ DS GG



• Exotic superconductivity under mismatch
---- Pairing between Fermi Momenta��K and ��K�

---- Point attraction (BCS like).

Homogeneous condensate constant>=<ψψ
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LOFF ( Larkin-Ovchinnikov-Fulde-Ferrell) condensate:

---- Single plane wave
rq⋅>∝< ie2ψψ

00 754.0706.0 ∆<<∆ δ

Choose q to minimize the 
thermodynamic potential
Energetically more favored 
than the normal, BCS and 
Sarma phases within the 
LOFF window

q2

---- Multi-plane wave
rq

q
q

⋅∑∆>∝< ie2ψψ

May lower the thermodynamic potential further, difficult to treat.

02.1 ∆≅q



• 2SC-BCS

---- Thermodynamic potential
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• g2SC (Sarma state)

---- Thermodynamic potential

---- Equilibrium condition

---- At the equilibrium
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---- Excitation spectrum

Gapless
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Stabilization by the charge neutrality
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Chromomagnetic instability

Color Magnetic field 0       8, ..., 2, 1,       , =⋅∇= ll l AA
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• 2SC-LOFF (one way out of the instability)

---- Thermodynamic potential:
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---- The inverse penetration depth square:
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The functions A, B, C, D are all positive within the LOFF window
No chromomagnetic instability there.

---- A charge neutral LOFF state can be constructed within the 
LOFF window. Giannakis, Hou & Ren

---- Generalization to 3 flavors by Casalbuoni et. al.

Giannakis & Ren



• Other Candidates
i) Gluon condensation:  Gorbar, Hashimoto & Miransky

The condensation induces additional contribution to the inverse 
penetration depth square through the non Abelian gluon coupling.

ii) Heterotic structure of 2SC and normal phases:
---- similar to the phase separation of cold atom system; 
---- microscopic charge fluctuation, macroscopic neutral.

2SC 2SC 2SC

2SC 2SC 2SC

N N

iii) Equal flavor pairing: Schaefer
---- (u,u) pair or (d,d) pair;
---- non s-wave pairing, beyond NJL model;
---- one-gluon-exchange gives 

Bedaque, Caldas & Rupak

Brown, Liu & Ren; Schaeferwave)-s(wave)-p( 2
9

cc TeT
−

≅



• Observing CSC in a Neutron Star
Alford, Bowers & Rajagopal

---- If there is a quark matter core inside a neutron star, the impact of its 
equation of state may show up in the accretion process in a binary 
system. But the change of the equation of state by the color 
superconductivity may be too small to be observed with the present 
technique.

---- Color superconductivity may be detected by the cooling process via 
neutrino emission. The change of the cooling rate during the history 
of a neutron star may indicate formations of various type of energy 
gaps

---- A neutrino burst from a supernova may be expected because of the 
CSC transition in a newly born neutron star.

---- The pinning of the rotational vortices by the crystalline of LOFF may 
contribute to the glitch phenomena of a neutron star.

---- R-mode instability may be triggered by the CSC transition because 
of the suppression of the shear and bulk viscosities by the gap.



IV. Concluding Remarks
• A cold quark matter of sufficiently high baryon density will become 

color superconducting at sufficiently low temperature. The transition 
temperature and the energy gap can be calculated with perturbative
QCD. The long range nature of the pairing force gives rise to a non 
BCS scaling.

• At realistic baryon density, the Fermi momentum mismatch may lead 
to an exotic superconducting ground state of a quark matter. But a 
consensus has not been reached.

• It is necessary to pin point a number of clear cut prediction to
observe the color superconductivity in nature, especially in a neutron 
star.

• Color superconductivity is a subject that integrates high energy
physics, condensed matter physics, nuclear physics and 
astrophysics.
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