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Mathematics based on 
Lie groups and Cartan

spaces

• Expand density matrix
on a complete basis:

• Basis should
have a unit trace: 

• Normalized ‘probability’
may be real or complex:



Hamiltonian

Standard model for nonlinear optomechanical 
Hamiltonian

P. D. D. and C. W. Gardiner, J. Phys. A: Math. Gen. 13, 2353 (1980).



1: Boson sampling

Send N single photons through 
an M-channel photonic device
• Measure the output photon 

number distribution 

This solves the exponentially hard 
problem of generating random bits 

with permanent distribution
• Matrix permanents are a '#P' hard 
problem, taking exponentially long 

times to compute at large N



Boson sampling experiment: macroscopic 
quantum cat



Experiments: 
Oxford, Vienna, Queensland, Rome, USTC.. 



Why is boson sampling  hard?

LARGEST PERMANENT EVER CALCULATED `EXACTLY’: 
N=50, TIANHE II, Wu et al, Nat. Science Review, 5 715 (2018) 



Complex P-representation-
‘complex weighted sampling’



Individual unitary simulation – possible at 
any size, but count rates get small

Randomly sample the complex-P contour integral;
simulates any permanent much better than experiment –
Speed-up over a million times already at  k=6, N=20





Is it useful? YES: Quantum Metrology!

• Use  a multichannel Quantum Fourier Transform
– Enhances phase gradient measurement by N
– Proposal by Rohde & Dowling groups
– Ultrasensitive phase gradient measurements

• How sensitive is this to phase decoherence?

–Can compute 100x100 permanents
– Conventional supercomputer limits 50x50 (Tianhe II)
– Would take trillions of years with standard methods

Opanchuk et. al, Optics Letters 44, 343 (2019).



Boson sampling enhanced metrology



Strong fringes EVEN with added 
decoherence!



2: Quantum Circuit Cats

Exactly soluble 
model

Now used in LIGO, 
quantum cat 

experiments at Yale



Hamiltonian

Standard model for nonlinear optomechanical 
Hamiltonian



Equivalent 
single-
mode 

equation



Feng-Xiao Sun, et. al,  New Journal of Physics, 21, 093035 (2019); 
Physical Review A 100, 033827 (2019).



















Applications to quantum computers

Universal quantum 
computers have 

decoherence, 
scaling problems

Alternative: 
Dedicated hardware 

for NP-hard problems 





CIM 
Simulations

Can be simulated with 
complex/positive P

Already reaches 2000 qubits in size

Solves 100 times larger problems than 
D-wave

NTT Phi-lab opened in San Jose in July

Joint research program with SUT

New techniques for deep quantum 
regime



3: Optomechanical Cats



Hamiltonian

Standard model for nonlinear optomechanical 
Hamiltonian

A. F. Pace, M. J. Collett, and D. F. Walls, Phys. Rev. A 47, 3173 (1993).



Exact positive-P stochastic equations

Internal photon and phonon modes, plus external input and output
reservoirs are ALL included in the exact dynamical equations 



Light and matter entanglement: 
theory vs JILA experiment

Data from: T.A. Palomaki, et. al., Science 342, 710-713 (2013). 



Proposal: entangle two oscillators using a 
quantum memory

Q. Y. He, M. D. Reid, E. Giacobino, J. Cviklinski, P. D. D., PRA 79, 022310 (2009).
S. Kiesewetter, R. Y. Teh, P. D. D., and M. D. Reid, Phys. Rev. Lett. 119, 023601 (2017)



Essential feature: temporal 
mode-matched input/output

Must have temporal mode-matching 
to ensure high-fidelity single-mode input

This ensures perfect, temporally mode-matched input and output



Predicted
entanglement 
as a function 

of storage 
time



Download photonic cat to a massive 
mechanical  cat - see Yale experiments!

Note: this is a very pure cat!



Schrodinger Cat predictions
Phys. Rev. A 98, 063814 (2018).

Input Schrodinger cat positive P-representation

This is the input to the sampled equations, then used
to calculate the output Wigner function of the stored cat state



Result of simulated mode-matched 
injection and retrieval

Parameters used are taken from:
(‘100 photon’ CAT at Yale): C. Wang et al Science, 352, 1087 (2016).  



4: BEC Schrodinger Cats

Rubidium 
experiment at 

SUT

Longest coherence 
time of any BEC 
interferometer



Bose gas master equation, 
finite temperature



Initial finite 
temperature 

state

• Take an initial finite temperature state
• Represent density matrix with Wigner
• Nonlinear chemical potential eliminates 

Bogoliubov `gapless’ divergence problem
• King et. al., Journal of Physics A: 52, 

035302 (2019).



Wigner phase-space: 1/N expansion



Test case: Interferometry on an atom chip
(Sidorov, Swinburne)



Rubidium interferometry 



Computed vs observed 3D fringe visibility



Evidence 
for 40,000 

atoms 
entangled

• Calculate dynamical 
condensate occupation

• Combine with fringe visibility
• Evidence for macroscopic 

entanglement



5: 1D Bose gas breathers

Joint program with 
UMass, Tel Aviv,

Experiments at Rice U.

King Ng, Bogdan 
Opanchuk, Margaret D. 

Reid, P.D.D.,
Phys. Rev. Lett. 122, 

20364, 2019



Predicted vs observed fringe visibilitySwinburne

SCIENCE  |  TECHNOLOGY  |   INNOVATION  |  BUSINESS  |  DESIGN

One-dimensional Bose gas

5

Hamiltonian

; ; ;



Swinburne
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Conservation laws

7

Local symmetry from Noether’s theorem leads to globally 
conserved quantities

1.Particle number

2.Momentum

3.Energy

4.Higher order term

Quench experiment:

§ Make an attractive soliton, increase coupling by 4x

§ Exact solutions, DMRG – fail at N>5



Swinburne

SCIENCE  |  TECHNOLOGY  |   INNOVATION  |  BUSINESS  |  DESIGN

• Conservation of  

quantities in 

Wigner 

representation

8

Ref: Physical Review A 96, 043616, 2017
Black:exact classical result; blue: Truncated-Wigner error bars

Conservation laws: Truncated Wigner



Swinburne
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Truncated Wigner: breather relaxation

12

Ref: Phys. Rev. A 96, 053628, 2017

• Gradual fragmentation • Decay of breather 



Multimode Schrodinger cat 
Soliton splits either way, 3:1 number ratio

P(N|x>0)

N|x>0
Also see: Yurovsky et. al, Phys. Rev. Lett. 119, 220401 (2017)



Swinburne
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Truncated Wigner: multi-mode evolvement

13

• Single eigen-mode evolves 

to multi-eigenmode (~7)

• Partial fragmentation

Ref: Phys. Rev. A 96, 053628, 2017



Second-order correlation: g(2)(xm,xn)



Time-evolution of left-right 
number difference. 
Agreement of exact +P and 
truncated Wigner state, with 
either number state or
Poissonian initial conditions.
Experiments at Rice U.



6: Early universe simulations

Quantum field theory: exponentially 
complex

Essential to current theories of 
cosmology

Energies a trillion times larger than CERN
How can we compute what theory 

predicts?

Use ultracold BEC as relativistic simulator
Check predictions with computer 

simulations



How can we test theories of the Big Bang?

Planck spacecraft was
launched in May 2009. On
21 March 2013, the
mission’s all-sky map of the
CMB was released

The CMB is a snapshot of the oldest light in
our Universe, imprinted on the sky when the
Universe was just 380,000 years old.

We can’t see beyond that BGV theorem



Quantum models of the Big Bang

Potential energy on top of the hill is
converted into kinetic energy of the
rolling ball at the bottom of the hill.

As a result a lot of energy was 
realised resulted in

In reality the Universe has
at least 3 dimensions.
Bubbles appear during the
transition to true vacuum.

Are we in one of the 
bubbles….lonely….?

Similar to water boiling or bubbles in champagne



What is the observational evidence?

Planck spacecraft, 
21 March 2013

Bicep 2, Polar Bear, 
South Pole Telescope



RF

Analog quantum simulator

BEC 1

BEC 2

Take 2 BECs and couple them
with a laser light.

Their phase difference behaves like
a pendulum, which has stable and
unstable points.

Stable
(true vacuum)

Unstable
(false vacuum)

-- relativistic field equation of the early
Universe.



Early universe models



Early universe quantum simulation 



Potential well with microwave coupling



Equivalent Sine-Gordon equation 



Effective potential 



Vacuum bubbles expand at light-speed 



Metastable 2D Universe: BEC simulations 



SUMMARY
Positive P-representation

Exact intracavity open quantum dynamics, opto-
mechanics, Schrodinger cats

Complex P-representation
Exact Boson sampling quantum simulations –large mode 
numbers, huge permanents

Wigner representation
Treatment of large BEC systems with 1/N expansion, 
millions of modes possible

Next step:
Stochastic bridges, interacting Fermi phase space


