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Contrast Classical and Quantum Bits

Classical bit has two states : 1

|0> and |1> 1@ L.

Quantum bit is described by /

the state : 0@
v >=a,|0>+a,|1> 0

Environment decoheres the
Quantum state
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Figurz 1. To a tepalogist, o
donut and a coffee cup are the
same because they can ke con-
tinvously deformed into each
ather without rearing or rejoining
the surface

ook for a manv-body quantum state sensitive only to the topologyv

Quasiparticles in (v =5/2 ) FQH system

Quasiparticles 1n vortex state of 2D p-wave superconductor
(Spin polarized electron systems)



Non-l.ocal Occupation of an Electron

— — = @@ vortex

-ll"'-

4 P-wave S

It takes a pair of quantum states to accommodate an electron!

Non-locality




Statistics

What happens to a many-particle wavefunction under

exchange of 1dentical particles /-—\A
O

Naive Expectation

Exchanging twice should be 1dentity

Bosons : w(n.n.r) =w(rn.n.1)

Fermions : W (r,n.n) =W, 5.1)



In 2+1 Dimensions: Two Exchanges = Identity
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In 3+1 Dimensions: Two Exchanges = Identity
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Statistics

Bosons : W(?’inrg:?’}):?f(rgnf’in?})

Fermions : W (n.1,.1) = =W (1. 1n.1;)

Anyons (2D) : w(n.1.1) = emﬂt’/(f"g 1LT)

Non-Abelian Anyons(2D): |¥/; (1.1,1) =M ¥ ik
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(Degenerate states)
Statistics can be non-Abelian!




Non-Abelian Statistics

@ Vortex D)

P-wave SC

.................
L
-
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Degenerate set of ground states
W(]:g:) Mky/k(gap)
Non-Locality + Non-Abelian Statistics

Many-particle quantum state 1s manipulable only by topology



Fault-tolerant quantum computation in a toric code model
A. Kitaev, Ann Phys 303, 2 (2003); cond-mat/9707021
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Wen'’s plaquette model: |
Phys. Rev. Lett. 90, 016803 (2003) ()
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Properties of the toric code model
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Two types of vortices of The statistics of the vortex
the low energy excitations. excitations — Abelian anyons




Kitaev spin-1/2 model

- X __X y YV Z __17
H=J, Z c,0,+J, Z oo +J, Z c.0

X—link y—link z—link

A. Kitaev, Ann Phys 321, 2 (2006).



Why Interesting(l)

opological Quantum Computation

 Error correction and fault-
tolerance are essential in

the operation of large TQ\ T\ T\ TQ\ Annifilate paires
scale quantum S S
Computers J I I \\. :/\/. 1 Braid

e non-Abelian anyons: X.\ I I .X.\ .‘X._
topological, resistant to 1T X071 X1 raig

local perturbation S

time
fractional QHE 5/2, 12/5 I/ I./ I./ I/ Create paires

e Microsoft Project Q



Why Interesting(ll)

Quantum Phase Transitions and Topological Excitations

Exact analytic solution in 2D in the ground state

Ideal model for studying topological ordering and continuous quantum
phase transitions

Anyons as a kind of topological defects reveal nontrivial properties of the
ground state.
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A classical vortex (a) distorted by fluctuations (b)



Continuous quantum phase transitions

| Conventional: Landau-type
disorder e Spontaneous symmetry
breaking
* Local order parameters

disorder

v =0

¢

Ferromagnet — Paramagnet

0y

disorder Topological:
* Both phases are gapped
v =0  No symmetry breaking
* No local order parameters

Ec

v

g Fractional quantum Hall liquids




4 Majorana Fermion Representation of Pauli Matrices

X = 1 X z
— 1IN’ C. b
o; =Ib;C. b
1y Fe b
ij — ij C. oe .
Ettore Majorana
ol =ibic,  {3.af=25,

¢, b, bY, b are Majorana fermion operators

Physical s-1/2 spin: 2 degrees of freedom per spin

Each Majorana fermion has 212 degree of freedom

4 Majorana fermions have totally 4 degrees of freedom




4 Majorana Fermion Representation of Kitaev Model

H=i) J.ujcc a=XY,z




2D Ground State Phase Diagram

The ground state is in a zero-flux phase (highly degenerate,
= 1), the Hamiltonian can be rigorously diagonalized

* Non-Abelian
anyons appear
in the B phase in
the presence of
magnetic field.

* Abelian anyons
exist in the

gapped A phase.

gapless
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4 Majorana Fermion Representation: constraint

G}(Gjy = iaj? - Dj = b?(b.yb.zc_ -1
1+ D,
"=l
=ib’c
Yy Jy ‘l//phy8>zp";”>
_— |bZC Eigen-function

In the extended
Hilbert space



3 Majorana Fermion Representation of Pauli Matrices

D, =b*b’bic, =1

X =l X X X
Gj—lbjCj Jj—lbjCJ—
Y _ 1hY . Y _ 1hY
Gj—lbjCj Gj—lbjCj
Z  Z Z Y X
Gj—lbjCj Gj—lbjbj

Totally 232 degrees of freedom,
still has a hidden 212 redundant
degree of freedom



Kitaev Model on a Brick-Wall Lattice
H=J Z oo +J, Z olo’+J, Z oo

x—link y—link z—link

J1J2x

J3IJ2 J
J31 I
|

I

Brick-Wall Lattice Honeycomb Lattice

HZZ(JO'O' +J,07, .0’ + 3,07 .0/ )

L i+, ] I-1,]71,] Lo, j+1
I+ j=even
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Jordan-Wigner Transformation

i Z a’, a +Z a . a
( kej | 1KELK l<i 117

. — 2a| Jal j —1 P.Jordan  E.P. Wigner
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Represent spin
operators by

) spinless fermion
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Along Each Horizontal Chain

y -y
H = Z( 10 162|+‘J262i62i+1)

_ZJ ( 9i_1 — Qo 1)(az+i +azi)+‘]2(az+i JFazi)(az+i+1_32i+1)



Two Majorana Fermion Representation

¢ =I(a'—-a ) d=a +a | = odd
d=i(a —-a), c=a +a | =even

H — Z(‘Jlaé(i—lagi + Jgo-zyio-zynl)
— _iZ(‘J1C2i—1C2i — J2C2iC2i+l)

Onle c;-type Majorana fermion operators appeatr!



Two Majorana Fermion Representation

. + + - -
C; =I(a; —a;) d;=a;+a 1+ ]=o0dd
- + + - -

c; and d, are Majorana fermion operators

A conjugate pair of fermion operators is
represented by two Majorana fermion operators

No redundant degrees of freedom!



Vertical Bond

o =icd No Phase String
o/o} =(icd,)(ic,d, )




2 Majorana Representation of Kitaev Model

H = Z (Ja O T9,004 00+ 3,0, GIJ+1)

I+ j=even
= —1| Z (\] C| JCH-]_J J C| 1JCI J +J Dl JCI JC' J+1)
I+ j=even
D, =id, ,d,
JIHJEH n , j+1

good quantum numbers
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Ground state Is In a zero-flux
phase Di,j = DO,j
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Phase Diagram

Single chain J, I, I 7,
O O o O
® > X y X y
0 1\ 3,13,
= (a)
Critical point -
<
& 3
Quasiparticle excitation: © J
&, =+JI2+32+2],, cosk
= |

Ground state energy E, = ng,—
k




Phase Diagram
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Multi-Chain System

Chain number =2 M

Thick solid lines as
critical lines

Infinite critical lines
form quantum critical
regime

How to characterize
these quantum
phase transitions?




Classifications of quantum phase transitions

| . Topological:

disorder | disorder . Both phases are gapped
B B  No symmetry breaking

y =0 V= 0 * No local order parameters

¢

Ec g

v

Questions:

e Can one find certain type of nonlocal order parameters to
describe such topological phase transition?

It is true in the abelian gapped phase. Duality is important!



QPT: Single Chain

_ X X y Y
H = Z(Jlgzi—lazi T ‘]202i02i+1) o o o o

i X y X y

Duality Transformation

N

X _ X X Yy _ y

G] —TJ_]_TJ , (7] HTk
K=]

y _ Yy _y « T

by =0j0%im » T =] 1%

X X
H = Z(Jlfzi—zfzi + szzyi ) This is a self-dual model.



Non-local String Order Parameter
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Another String Order Parameter
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Two-leg ladder

Jp Ty

] 2-0

(b))

- 0.5

10.0

A0/ 04,0



Phase |: J, > J, + J;

. X X y __y z __z
[Ij:j:l H = Z(Jlazi—lazi +J,0505,3+ J352i02i+1)
|

In the dual space:

H = Z(‘le_;i—zz-;i + I WiTyi 75 + ‘Jsz'zzi)

X z X
W, =75 3751 i

W, = -1 in the ground state




String Order Parameters

1 2 5 6 9

Djj:l H = Z(‘le—;i—zz-;i + I Wiz 7y + Jsfzzi)

3 4 7 8
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QPT: multi chains

Chain number=2 M

1,115

0
£0/09,0

T



QPT In a multi-chain system

4-chain ladder M = 2

M
1 i
H = Z(JICZi—l,aCZi,a o J2C2i,a02i+3,a+l + ‘J3(_1) CZi,aC2i+1,a)
=l a=1



Fourier Transformation

2N M

H =i Z Z (‘JlCZH—l,aCZn,a —J 2Con,aCon+3 o+l T JB(_l)nCZn,aCZHJrlﬂ)
n=la=1
1 :
Ci v elqri Ci
T,
_2MM 0L M -1
M

Hq - _iZ(‘]lCZi—l,—qCZi,q _‘Jzeiqczi —qCoiszg T Ja(= 1) Caig 2'“"‘)



q=0

i
- _IZ( Cai1,0C2i0 ‘]2C2i,0C2i+3,0 +J5(=1) C2i,OC2i+1,0)

Cio Is still a Majorana fermion

=~V operator

._/@ N

(}»/ ]
Hq-o IS exactly same as the

o y Hamiltonian of a two-leg ladder
- E ......___ny'
4 /'@\ﬂy O
X
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String Order Parameter

# 0 J_>1J,

Ao = !'_)rg(_l)l <C1,0C2,o "'Czi,o><
=0 J_<J,
#= 0 J <

Ay10 — I”T](—l)I <C210C3’0 T CZi+l,0> )

|—00




q=r

= — _?Z(JIEEE'—L?T{:EL?T T JELEz T 23+3 ?T+ "T ( l) 23 T 23+1 :’T)
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C; . Is also a Majorana
fermion operator

H,-. IS also the same as the
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Hamiltonian of a two-leg
ladder, only J, changes sign




String Order Parameter

(0 J,>J3, J;>J,
AX,?Z' = lim (_1)n<Cl,7zC2,7z "'C2n,7z> )
N—o0
=0 else
%0 J,>J; Ji<J,

: n
Ay,ﬂ' = lim (_1) <CZ,7ZC3,7Z' .“C2n+1,72'> S
N—o0

= 0 else



Topological excitations in the Kitaev model

-

T

 Such vortex excitations in gapped A phases are the low-energy
excited states and behave as Abelian anyonic excitations.

-

L]

e In the external magnetic field, each vortex in the B phase behave as a
non-Abelian anyon and carries a unpaired Majorana zero mode.



2D Ground State

H:—fz ZJF.{? c, +J,Dc .c

newhite \ u=1.2.3
_ +
o Z v n H.‘r’.'.i‘i'! k4 m

!
n.mewhite Cy
¥ = \
C

The Bloch matrix for D,, =1 and J,=J, H(k)=h(k)o, +h,(k)o,

3k, +3k, 3k, -3k,
h(k)=J,sin ——J, sin '

“

2
N3k, -3k,
05 +

3
=

ﬁkx + 3k,
_|_

2

hy,(k)=J, cos J,c ;



2D Ground State Phase Diagram

. f, J’ ={)
non-Abelian anyons
gapleqs
Abelian anyons
gapped
Dirac spectra ﬁ,

- AN ////"' bt

J =0 J = =0

Two kinds of excitations
o Fermionic excitations
o Topological excitations: vortices (anyons)



™
= Z [ Z i F'F+E Cn+“’rﬂn{1n+e-,_ n

Gap the Fermionic excitations

H =H+H,

—site

newhite \, u=1,23 J
. ¥ Z X X pZ ¥
(ijk)eA (ifk)ev
=—iJy D o +idy D ey
iewhire ishlack

Gapless

Break time reversal symmetry

Gapped

EGE




Topological index

P-= é d*ke™h-(0, i, )

gapless

P=1
A and B phases are f

topologically distinct

. \ ] |'l . J
Bloch matrix: =il S=ds=0

3k, + 3k, . 3k, -3k,
——J, sin :

h (k)= J, sin

Gk 13k H, (k) = (K)o, + h, (K)o, + by (k)0

3k, -3k,
—+

hy(kK)=J, cos +J, cos 3

h, (k) =2J, sin«/3k,



Edge Current and Edge Modes

) bt
Edge mnﬂlﬁlwm o I\l[!ﬂ'm HH i f ;R ix :/I
ey, B

i

Bulk

H = I'VJ. dx.‘yyfcrz R

Edge mode: Gapless P = 1
Gapped P =0



Edge Soliton: charge fractionalization

Zero energy mode

Charge fractionalized
according to the Jackiw-

Rebbi + Su-Schrieffer-
Heeger mechanism




Non-Abelian anyons
O =<

| D=1

| D=-1

jf ﬂ;"‘ .2..'“""!\. Jﬂ
- - —

-S4 e,
= "'"'"""'"n,%_. 1 q; = —{;
I'i'.'-
B %qjqf q.i'- — QJ- 4
Iy=¢ g, —>—q, DEEES _
—> l = I,j = _-':
Generator of the e / 12 “‘n ¢
. s h S
Braid Group 14 g; >4 o -
q; —>4;




Majorana Modes : Non-Locality

Ui Vi3 =20

A single } mode cannot accommodate an electron!

Construct C¢=N1+1),

¢l = 71— 1y,
C’s can be occupied by electrons

Non-local occupation




Majorana Modes : GS Degeneracy 1

®
V1

A parr of vortices support an electronic mode at zero energy

This mode can be unoccupied (|0 > ), or occupied ( |1 ::«-)‘

Two states of a qubat

The states are degenerate and completely non-local




Majorana Modes : GS Degeneracy 11

® @ y
Y1 Y .3

Consider 2n vortices / Majorana fermions => n electronic modes

They can be occupied / unoccupied by a SC QP

2" -fold degenerate ground states protected by a gap W, = .&ﬁ [ E,

Any state in the GS manifold is a linear combination of them



Application to TOC

Non-local qubit + non-Abelian statistics ( unitary operators )

Construct gates by braiding one vortex around another

‘ Noiseless quantum computation \



Conclusions

* The Kitaev model is a free Majorana fermion model
with local Ising-like gauge field without redundant
degrees of freedom.

e Topological ordering and quantum phase transitions
can be characterized by non-local string order
parameters. In the dual space, these string order
parameters become local order parameters.

* The low-energy critical modes are Majorana fermions,
not Goldstone bosons.

* Topological vortex excitations can be Abelian anyons
or non-Abelian anyons.



Thank you very much for attention.
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